NASA TN D

NASA TN D-1795

-1795 \S& 1

TECHNICAL NOTE

D-1795

A COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS FOR
THE COMPRESSIBLE TURBULENT-BOUNDARY-LAYER SKIN
FRICTION WITH ZERO PRESSURE GRADIENT
By John B. Peterson, Jr.

Langley Research Center
Langley Station, Hampton, Va.

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

WASHINGTON

/Vé 2 75

@/oé /

LY
& 0/1"'/7

March 1963




NATIONAL, AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1795

A COMPARISON OF EXPERIMENTAL, AND THEORETICAL RESULTS FOR
THE COMPRESSIBLE TURBULENT-BOUNDARY-LAYER SKIN
FRICTION WITH ZERO PRESSURE GRADIENT

By John B. Peterson, Jr.
SUMMARY

Seven theories of compressible turbulent-boundary-layer skin friction were
compared with experimental data in order to determine their accuracy. The seven
theories used for comparison were those of Van Driest; Wilson and Van Driest;
Cope, Monaghan, and Johnson; and Winkler and Cha; and the T' methods of Sommer
and Short, Monaghan, and Eckert. The data were obtained from 21 sourceg and cov-
ered a range of Mach numbers up to 10 and Reynolds number up to 68 x 10° at zero
heat transfer and 100 x 100 with heat transfer. The comparison between the
theories and experiment was made on one curve by performing a transformation on
the experimental data, and the results showed that the Sommer and Short T' method
most accurately matched the experimental data. Curves to aid in the calculation
of skin friction by the Sommer and Short T' method are presented. Also presented
in an appendix are two new methods of finding the virtual origin of the compres-
sible turbulent boundary layer.

INTRODUCTION

An accurate estimation of the turbulent-boundary-layer skin-friction coeffi-
cient is very important in the computation of the performance of supersonic
vehicles since skin friction comprises a large part of the drag of such vehicles.
Also, most methods used to estimate the heat transfer to supersonic vehicles
require a knowledge of the skin friction. The state of the art in the prediction
of turbulent skin friction at supersonic speeds is not very advanced and there
are large differences between various theories. (For example, see the predicted
effects of Mg in fig. 1 of ref. 1.) Also, estimations of the effects of

Reynolds number and wall temperature on the turbulent skin-friction coefficient
vary widely. (See refs. 2 and 3.)

Since any theory of compressible turbulent skin friction is an approximate
solution to the complete differential equation for the turbulent boundary layer
and employs many assumptions and empirical constants, the results of the theory
must be compared with experiment in order to prove its accuracy. The purpose of



this report is to find the theory which most accurately predicts the effects of
Mach number, Reynolds number, and wall temperature ratio on the turbulent skin-
friction coefficient in two-dimensional flow. The effects of pressure gradients
and real-gas effects were not investigated in this report.

There are many theories of compressible turbulent skin friction (more than
21); however, for the following reasons it was not necessary to use all of them
in the correlation. Theories which did not cover the range of the experimental
data such as the extended Frankl and Voishel theory (ref. 2), which is restricted
to the range O S M 2 4, and Tucker's theory (ref. 4), which is for use at zero
heat transfer only, could not be used for comparison. Also, many theories have
been shown to be at large variance with the experimental data and need not be
considered further. (See refs. 1 and 5.) Thus the theories of Van Driest
(ref. 6), Wilson and Van Driest (refs. 7 and 8), Cope, Monaghan, and Johnson
(refs. 9 and 10), and Winkler and Cha (ref. 11), along with the T' methods of
Sommer and Short (ref. 3), Monaghan (ref. 12), and Eckert (ref. 13), were chosen
for comparison with the experimental data. These seven theories are probably the
most widely used for calculation of the compressible turbulent skin-friction
coefficient.

SYMBOLS
A,B,C,Jd,K,L constants
Cp average skin-friction coefficient
CF* transformed average skin-friction coefficient
Cr local skin-friction coefficlent
D drag
k mixing-length constant
1 mixing length
M Mach number
P pressure, lb/sq in.
R Reynolds number
Rie Reynolds number based on distance from leading edge
Rie-x Reynolds number based on distance from leading edge to virtual

origin of turbulent boundary layer



Reynolds number based on distance from virtual origin of turbulent
boundary layer, Ugx[vg

transformed Reynolds number based on distance from virtual origin of
turbulent boundary layer

Reynolds number based on momentum thickness of boundary layer,

area

nondimensional sublayer height, ysu,r/vw

temperature, °R
reference temperature, °R

velocity outside boundary layer

velocity in boundary layer

s . Tw
friction velocity, ,f—
Py

Us 2
friction-velocity ratio, = =
T

Cf,w

distance from virtual origin of turbulent boundary layer
distance from wall
boundary-layer thickness

recovery factor

momentum thickness of boundary layer
gas viscosity

gas viscosity evaluated at T'
kinematic viscosity

gas density

gas density evaluated at T' and Py

gas density evaluated at T, and Py
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Subscripts:
aw

eff

est

exp

Tl

th

A very comprehensive review of the theories of turbulent skin friction is

given in reference 5. Only the more important points, therefore, will be dis-

cussed here.

In incompressible turbulent flow, the use of the mixing-length law of either

Prandtl (1 =

skin-friction coefficient.

wall shear stress

defined in equation (&)

adiabatic wall

effective

estimated

experimental

incompressible

sublayer

based on temperature T'

total or stagnation condition
as given by theory

wall or wall conditions

conditions outside the boundary layer

REVIEW OF THEORIES

Incompressible Theory

du/dy

d%u/ay®

ky) or Von Kirmén (1 =k

bulent skin friction:

O&S%? = loglO(RxCF)

) leads to the same form for the

By adjusting an arbitrary constant to fit the experi-
mental data, Von Karméan obtained the following equations for incompressible tur-
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A large number of experimental data have been accumulated at subsonic speeds,
and the Kérmén-Schoenherr equation is generally accepted as the best formula to
fit these data. (See ref. 14.) All the compressible turbulent skin-friction
theories used in this report reduce to the Kirmén-Schoenherr formula for the
incompressible conditions of Mg =0 and T, = Ty -

Compressible Theory

In compressible flow, the two mixing lengths (Von KArmé&n and Prandtl) do not
give the same form for the skin-friction coefficient, as they do in incompress-
ible flow. Therefore, the results obtained by Van Driest (ref. 6) with the
Prandtl mixing length are different from those obtained by Wilson (ref. 7) with
the Von KArmén mixing length. By using the Prandtl mixing-length hypothesis in
compressible flow, Van Driest obtained (in the nomenclature of this report)

0.242

JCF,W
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The use of the Von Kirmén mixing-length law, however, leads to the following

form for the compressible turbulent skin-frict

0.2h2
«CF,W

which was given by Wilson (ref. T) for zero he
for heat transfer.

g = loglO(CF

ion coefficient:

eI (7)

at transfer and Van Driest (ref. 8)

Among the simplifications used by Van Driest and Wilson was the assumption

that the mixing-length hypothesis applied all
to the wall. This assumption, which neglects
a simplified formula for

the way through the boundary layer
the laminar sublayer, resulted in

However, Monaghan (ref. 5) gave another form for (,25

in which the laminar sublayer was included. The {§ derived by Monaghan (herein
designated @) was
B s B
A - = A=~ =
¢s = Z|sin-l ——_2A  _ sinsl _L_2A ;58 (8)
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s = - (9)
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Cf,w



In order to determine whether this form of ¢ gave better results for the com-
pressible turbulent skin friction, both ¢ and g Were used in the mixing-

length theories for comparison with the data. The result of this comparison is
discussed subsequently.

The four other theories for turbulent skin friction that are used for com-
parison in this report (Cope, Monaghan, and Johnson; Winkler and Cha; Sommer and
Short T'; Monaghan T'; and Eckert T') are more empirical in nature. Cope (ref. 9)
and Monaghan and Johnson (ref. 10) assumed that the equation for the nondimen-
sional velocity profile was the same in compressible flow as in incompressible
flow if the wall conditions of density and viscosity were used. Under this
assumption the compressible skin-friction formula was found to be

0.242
VCF

Winkler and Cha's method (ref. 11) assumes that the ratio of local skin-
friction coefficients Cf/Cf i at constant Re can be expressed as a function

of Tt/TS and Tw/Taw only. In order to fit the data available at that time,

Ts
= 108, (Cr,whx,w 7 (11)
w

Winkler and Cha gave the following equation:

_ Tw/Taw l/h .
(Cf/cf’i)Re=Constant - %5;75;5%75_ (22)

Using this equation together with equation (l) results in the following expression
for compressible turbulent skin friction:

0.2ho

‘/CF(Tt/TS)l/g(TW/Taw)—l/4

The T' method of calculating skin friction is a semiempirical method, based
on the formulas for incompressible skin friction, which was developed by Rubesin
and Johnson (ref. 15) in 1949 for laminar flow. It was extended for use in com-
pressible turbulent flow by Sommer and Short (ref. 3). 1In this method, the fluid
properties in the flow are evaluated at some intermediate or reference temperature
in the boundary layer. This reference temperature is called T' and is a function
of the free-stream Mach number and the ratio of wall temperature to free-stream
temperature. These properties are then used in the incompressible turbulent skin-
friction formula to obtain the skin friction. Thus

= log, (CFRX) (13)

0.242

Jﬁ;ﬁ;? = loglo(Rx,T'CF,T') (1)
J



where

p'Uax
RX;T' = ul (15)
G ge = 25 (16)
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Sommer and Short found that the following equation for the reference temper-
ature T' matched their experimental data and the data of Coles (ref. 16) and
Chapman and Kester (ref. 1):

1 T
Ll 21 +0.03M% + 0.45( X - 1 (17)
Ty Ts

Monaghan (ref. 12) proposed the following equation for T':

: T
I -1+ 0.0282 + 0,54 X -2 (18)
Ts Ty

In 1954 Eckert (ref. 13) proposed the following equation for T':

?

F—EI*—H
o

-1+ 0.0lJ-anrMsg + 0.5@_" - 1) (19)
5

Using a recovery factor M. of 0.89 results in

1

H

3

T
-1+ 0.0392M§2 +0.5 X -1 (20)
5 Ty



EXPERTMENTAL DATA

The results of many different experimental investigations of supersonic tur-
bulent skin friction (refs. 1, 2, 3, 7, 10, and 16 to 29) were compared with the
theories. These experiments cover Mach numbers from 1.5 to 10 and Reynolds num-

bers from 1 to 68 x 100 at zero heat transfer, and Mach numbers from 1.7 to 10

and Reynolds numbers from 2 to 100 X lO6 at ratios of wall to equilibrium tempera-
ture from 0.17 to 1.8. The experimental conditions at which the skin-friction
values were obtained are shown for each reference in tables I and II. Not all
experiments on compressible turbulent skin friction are suitable for comparison
with the theories; only data which represented as nearly as possible the skin
friction in two-dimensional flow with zero pressure gradient and without dissoci-
ation or ionization were used. Also, only experiments in which the effective
Reynolds number could be determined were used.

In order to give equal weight to each experiment, only one or two points
were plotted at each Mach number in the comparisons with theories. Usually one
representative point at the lower and one at the higher Reynolds number was used,
if a large enough range of Reynolds number was covered in the experiment, in
order to give an indication of the trend of the data with Reynolds number.

Measurement of Skin Friction

Many different procedures have been used to determine the skin-friction
coefficient in flat-plate flow. The procedure used in each reference of tables I
and II is shown in column 19. A brief description of each method is given below.

Drag.- The total skin-friction drag of a body such as a hollow cylinder or
cone-cylinder is obtained by subtracting the forebody and base drags from the
measured drag. Usually some means must be used to measure the boundary-layer
profiles at the beginning of the test area of the model in order to determine the
virtual origin of the turbulent boundary layer. The determination of the virtual
origin, and therefore of the Reynolds number associated with the measured skin-
friction coefficient, is very important to the accuracy of the experiment and is
discussed in a subsequent section.

Momentum.- By measuring the momentum loss in the boundary layer, the drag of
* the surface on which the momentum loss occurred can be computed. The momentum
loss can be determined by measuring the boundary-layer velocity profile and com-
puting the momentum thickness from the formula

o)
5 = / ——pu - d.y (21)
Jo pSUS Us

where p6U829 is the rate of loss of momentum in the boundary layer per unit

width of the flat plate. The average skin-friction coefficient is then
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cp=28-22 (22)
X RX

Here, the importance of accurately determining the virtual origin of the
turbulent boundary layer is obvious, since the average skin-friction coefficient
is inversely proportional to the distance from the virtual origin to the place of
measurement. Thus any error in determining the effective Reynolds number will
cause an error in the average skin-friction coefficient.

Skin-friction balance.- By mounting a small section of the surface on a
sensitive balance, the local surface shear can be determined. However, as before,
supplementary measurements of the boundary layer must be made to determine the
effective Reynolds number,

Velocity slope at the wall.- Measurements of velocity profiles in a turbulent
boundary layer have shown that a thin laminar sublayer exists near the wall. 1In
this sublayer the velocity increases linearly with distance from the surface.
Therefore, by using a very small probe in a thick boundary layer, the slope of the
velocity profile at the wall can be determined. The wall shear stress can then be
determined from the viscosity and the velocity gradient at the wall. Fortunately,
the sublayer thickness increases with increasing Mach number and, therefore, this
method becomes more practical at high Mach numbers.

Determination of the Virtual Origin of the Turbulent Boundary Layer

In theoretical analyses of turbulent boundary layers a basic parameter is
the Reynolds number based on the length of turbulent flow, where it is assumed
that a fully developed turbulent boundary layer originates at the leading edge.
Experimentally, however, some laminar flow exists near the leading edge, followed
by a transition region and then by fully developed turbulent flow (see fig. 1).
Therefore, in analyses of experimental results, the conditions and rate of growth
of the turbulent boundary layer at a given position are assumed to be equivalent
to the conditions in a fully turbulent boundary layer originating at a position
behind the leading edge. This fictitious origin of the turbulent boundary layer
is referred to as the virtual origin (fig. 1) and the Reynolds number based on
the length from the virtual origin is the effective Reynolds number of the tur-
bulent boundary layer.

Various methods are used to find the position of the virtual origin. The
method most commonly used is extrapolation of the boundary-layer momentum thick-
ness, measured in the turbulent portions of the boundary layer, to zero. The vir-
tual origin of the turbulent boundary layer is then taken to be the point where
the momentum thickness would have been zero if the boundary layer had always been
turbulent. The extrapolation of the momentum thickness 6 can be accomplished
by any one of many different procedures. In the present report three different
methods of extrapolating 6 to zero were applied to the experimental data where
possible, and the results are shown in columns 11, 12, and 13 of tables I and II.
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The method shown in column 11 is described in appendix A. This method is
essentially an extrapolation of the measured values of Ry and R;, by a power

law of the form

Ry = K<k1e - Rle-x)c (23)

The method of least squares is used to adjust the three arbitrary constants K,
Rie-x» and C to fit the data.

A second method, shown in column 12 of tables I and IT, was proposed by
Rubesin, Maydew, and Varga (ref. 2). In this method the data are fitted to a
curve of the form

c c
Ry = K(Rle - Rle_x) = KRy (24)

where C 1is a known constant. The data are plotted on log-log paper and the
value of Ry necessary to match the slope of the line to the constant C 1is

determined. The constant C 1is cobtained by averaging the values predicted by
several theories; its value is approximately the same for the various theories
and it is relatively insensitive to changes in Reynolds number. Calculation
of C can be made simply by noting that

} d(1og Rg) _ @Ry Ry Cp (25)
d(log ij dRx Rg Cp

since

dR

Cp = 2 —dRi (26)
R

Cp = 2 52 (27)

The value of Cf/CF is easily found from figure 2 with the use of a trans-
formed Reynolds number Ry* (presented in table III for various theories) as

discussed in appendix B. A more complete discussion of the transformed Reynolds
number Ry* is presented in the section entitled "Results and Discussion.”

The results of a third method of extrapolating 6 +to zero are shown in
column 13 of tables I and II. This method utilizes measured values of local skin-
friction coefficient and boundary-layer momentum thickness to extrapolate the
momentum thickness to zero; the extrapolation of the momentum thickness is accom-
plished by assuming that an affine transformation exists between the incompress-
ible and the compressible values of Ry and C¢ and that the transformation is

11



a function only of the Mach number and wall temperature ratio Tw/Tg. The details

of the procedure for finding the transformation are given in appendix A. After
the transformation is found, the value of Ry for the measured compressible Cg

can be found.

Results of another method for finding the virtual origin are shown in col-
umn 14 of tables I and II. In this method it is assumed that the boundary-layer
growth and shear distributions are similar to the sketches of figure 1. The vir-
tual origin is then assumed to be at approximately the same location as the polnt
of minimum shear. This point is at the end of the laminar boundary layer and the
beginning of natural transition on a flat plate. Although this method does not
have the theoretical basis of the methods of extrapolating momentum thickness, it
is more convenient experimentally and the virtual origin can be quickly and easily
found.

The effective Reynolds number for each reference was determined by every
method for which sufficient information was available. All the data in each
experiment were used to find the effective Reynolds number, even though only one
or two points are shown in the tables and plotted in the comparisons with the
theories. The reference author's estimate of the effective Reynolds number of
his own experiment is given in column 15. Average effective Reynolds numbers,
obtained from columns 11 to 15, are presented in column 16 of tables I and II to
be used for application to the experimental data. The effective Reynolds number
for reference 3 in table IT 1s discussed in appendix C.

RESULTS AND DISCUSSION

The experimental data shown in tables I and IT were measured through a large
range of Mg, Ry, Ty, and Ts. Inasmuch as the theoretical skin friction is a

function of all these flow parameters, a comparison of these experimental data
with the theories could be accomplished through the use of a series of curves
prepared for the given test conditions. Such an arrangement, however, would
result in a complicated comparison. By means of the following procedure the com-
parison of the data with the theories can be accomplished through the use of one
curve.

Examination of the compressible turbulent skin-friction theories (egs. (3),
(1), (11), (13), and (14)) shows a close similarity to the KArmin-Schoenherr
equation for incompressible skin friction (eq. (1)). In fact, if the compress-
ible skin-friction formulas are rearranged they can be put into the same form
as the KArmin-Schoenherr equations except that the skin-friction coefficient
and Reynolds number are modified by certain functions of the Mach number, wall
temperature, and free-stream temperature to account for the effect of compress-
ibility. If the modified or transformed skin-friction coefficient and Reynolds
number are denoted by asterisks, each of the theoretical equations for compress-
ible skin friction can be written as

0:212 - 10g) o Re*Cp¥) (28)

¥*
\JCF



The form of the modified Reynolds number Ry* and skin-friction coefficient Cp*

for each theory is shown in table III. These modifications are seen to be a func-
tion of My, Ty, and Ty only. The theoretical variation of the modified or

transformed skin-friction coefficient Cp* with Reynolds number Ry* can be
represented by a single line for all conditions of Mg, Ty, and Tg. This line

is the same as the KirmAn-Schoenherr curve of incompressible skin-friction coef-
ficient. Experimental results can then be reduced in accordance with each of the
theories and compared with the theoretical line. The experimental Ry and Cg

values shown in tables I and IT are reduced in accordance with table III to obtain
the transformed Reynolds number Ry* and skin-friction coefficient CF*.

In order to eliminate a separate plot for local skin friction, the local-
skin-friction coefficients were converted to average-skin-friction coefficients
by dividing them by the value of (Cf/CF)th, where (Cf/CF)th was obtained from

the particular theory involved. These points were then plotted on the average-
skin-friction plots. The comparison of a local-skin-friction value divided by
(Cf/CF)th with the average-skin-friction curve is the same as a comparison of

the local~skin-friction value with a local-skin-friction curve except for a change
in the magnitude of the ordinate by the factor (Cf/CF)th- However, a logarith-

mic scale on the ordinate presents the same comparison between theory and experi-
ment by either method, since

Cf,exp Cf,th

log C - log C¢ ¢n = log - - log —e—r——
f,exp f,th 15;76531; (Cf/CF)th

Cf,exp

—— - log C (29)
(Cf/CF)th Foen

= log

The transformed Reynolds number Rx* and transformed skin-friction coeffi-
cilent CF* obtained from data taken at zero heat transfer are plotted in fig-

ures 3 to 11l. The references corresponding to the data symbols for these figures
are shown in table I. Data taken with heat transfer are shown in table II and
are plotted in figures 12 to 20. The references corresponding to the data symbols
for these figures are shown in table II.

A comparison between the two mixing-length theories shows that the Von Karmén
mixing length gives better results at zero heat transfer than the Prandtl mixing
length. This can be seen by comparing Wilson's and Van Driest's theories (refs. 7
and 8) in figure 3, where the Von Kérmén mixing length is used, with Van Driest's
theory (ref. 6) in figure 5, where the Prandtl mixing length is used. Since the
Von Karmén mixing length gives better results than the Prandtl mixing length with
zero heat transfer, it might be expected to give better results with heat transfer

13



also. However, under conditions of heat transfer there is little difference
between the correlations obtained with the Von KArmén mixing length (fig. 12) and
the Prandtl mixing length (fig. 14). This result is believed to be at least
partly due to experimental scatter in the data taken with heat transfer. More
scatter is to be expected in these data because of the difficulty 1n obtaining
skin-frictlion results with heat transfer.

Originally it was believed that taking the laminar sublayer into account as
suggested by Monaghan (ref. 5) would improve the accuracy of Van Driest's (Prandtl
mixing length) and Wilson's and Van Driest's (Von Karmdn mixing length) theories.
This improvement can be noted by comparing figures 3 and 5 with Pfigures 4 and 6,
where a nondimensional sublayer height s of 11.6 was used. However, a compari-
son of figures 12 and 14 with figures 13 and 15 shows that taking the sublayer
into account decreased the agreement between theory and experiment under condi-
tions of heat transfer in almost every case. Although the nondimensional sublayer
height s will depend on the wall heat-transfer rate, the variation is believed
to be small. In any case a sublayer exists, but apparently neglecting it alto-
gether glves better agreement with experimental data under conditions of heat
transfer.

A careful examination of all the figures shows that the semiempirical T'
methods of Sommer and Short, Monaghan, and Eckert generally give the best agree-~
ment with the experimental data, especially at zero heat transfer, the Sommer and
Short T' method being slightly better than the Monaghan and Eckert T' methods
(see figs. 9, 10, and 11). Therefore, since the Sommer and Short T' method gives
the best correlation with zero-heat-transfer data and one of the better correla-
tions with data taken with heat transfer, it appears that the Sommer and Short
method will provide the most accurate estimate of the compressible turbulent skin-
friction drag within the range of Mach number, Reynolds number, and wall heat
transfer of the experimental data.

CONCLUDING REMARKS

The large scatter in the available experimental data prevents an exact deter-
mination of the compressible turbulent skin friction, especially with heat trans-
fer. More data at Mach numbers greater than 6 are needed, since there is a larger
difference among the theories at high Mach numbers. Only one experiment at zero
heat transfer and two experiments with heat transfer were available for comparison
with the theories above M = 6.

Of the seven theories compared with the experimental data, the empiricel T'
methods agreed most closely with the data. The Sommer and Short T' method appears
to provide the most accurate estimate of the compressible turbulent skin friction
within the range of Mach number, Reynolds number, and wall heat transfer of the
available experiments. However, to apply this method with confidence beyond the
present experimental 1limits will require further experimental verification.

A comparison of the mixing-length theories of Wilson and Van Driest based on
the Von KdrméAn mixing length with that of Van Driest based on the Prandtl mixing

14



length indicates that the Von KArmén mixing length gives better agreement with
experiment. Taking the laminar sublayer into account improved the agreement
between theory and ¢xperiment at zero heat transfer but reduced the agreement
under conditions of heat transfer.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., February 26, 1963.
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APPENDIX A

METHODS OF DETERMINING THE VIRTUAL ORIGIN OF A TURBULENT BOUNDARY LAYER

BY EXTRAPOLATING © TO ZERO

Method of Least Squares

As stated in the body of the report, a commonly used method of determining the
virtual origin is to measure the momentum thickness at several stations in the
turbulent portions of the boundary layer. These momentum thicknesses are then
extrapolated to zero in order to determine the virtual origin. One way of extrap-
olating 6 to zero is to use the method of least squares to fit a mathematical
curve of the following form to the measured data:

C
Rg = K(Rle - Rle—x)

where

K,C arbitrary constants to be determined by the method of least squares
Rg Reynolds number based on momentum thickness

Rie Reynolds number based on distance from leading edge

Rie-x Reynolds number based on distance from leading edge to virtual origin,

to be determined by the method of least squares

In order to apply the method of least squares, it is convenient to transform
the equation to

log Rg = log X + C log(Rye - Rie_x)

and linearize this equation by a Taylor's series for the last term, so that

log Re = log K + Cggt lOg[%Ze - (RZG-X)es;| + log[%Ze - (Rle‘x)est 2C

0.434C 5t

" Rie - (Rle-x>est Fre-x

16



where

Cest’(RZe-x)est estimated values of C and Ryje.x

oL difference between the true value of C and the estimated
value Cggt

MRie-x difference between the true value of Rje_x and the estimated
value (Rle-x)est

The three quantities log K, AC, and ARje.x can then be solved for by the
method of least squares with appropriate assumptions for C.gqt and (Rle'x>est'

The three unknown constants are then

K = log=}(log K)
Rie-x = (Rle-x)est + MRye x

C =Cest + &

The value of Rje at which Rg 1is zero (i.e., the Reynolds number of the

virtual origin), is obviously then equal to Rie-x and the effective Reynolds
number is

Rx = Rie - Rie-x

The values of the effective Reynolds number that were obtained for the experi-
mental data used in the report by the least-squares method are shown in column 11

of tables I and II.

Virtual Origin From Measurements of Cr and Rg

In many investigations of compressible turbulent skin friction, only the
Reynolds number based on the boundary-layer momentum thickness Ry and the
local skin-friction coefficient Cf are measured. However, for this report it
is necessary to know the value of Ry for the measured local-skin-friction coef-
ficient. If C¢ is known for every value of Rg, then the Ry corresponding to
each Rg and, therefore, each Cp¢ can be found. This can be shown by noting
that

Ce =2

B8
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Then

Rx=foRdex=foR°§;dRe (A1)

Usually, however, the values of Cr are measured over only a small range of Rg

in an experiment. The problem, therefore, is to make a suitable estimate of the
Cr values at lower values of Rg. One method, which was used by Korkegi, is to

assume that the ratio Cf/Cf,i is a constant and independent of Rg; thus Ry
can be determined by integration or by use of a plot of Cf against Rg. (see
ref. 24.)

Measurements of Cf/Cf’i, however, have shown that this ratio varies
slightly, and most theories predict some variation in Cf/Cf,i with Rg.
Therefore, the following procedure, which allows for some variation in Cr/Cr,i,
is believed to give more valid results.

As stated previously, the problem is to find a suitable assumption for the
variation of Cgy with Rg below the range of the experiment. 1In this procedure

it is assumed that there is an affine transformation between the incompressible
curve and the compressible curve of Cf,i against Rg j. That is,

Cr

JCf,i
(A2)

1]

Rg = IRg, i

Each of the seven theories used in this report supports this assumption,
inasmuch as they all predict that such a transformation exists. This fact can
be shown by noting that

Cp h
Cr = 5= CrF,1
F
(A3)
Ry
Rx = E‘; Ry,
x J
where CF* and Rx* are the modified skin-friction coefficient and Reynolds num-
ber discussed in the section "Results and Discussion." Therefore, since
a
dRy
(Ak)
Rg = = R
6 =3 BxCr

18



substituting equations (A3) into (A4) yields

_ Cr Ry

Rg
CF* Rx-)(-

Rg,1

The parameters CF/CF* and Rx/Rx* are dependent only on the values of Mgy, Ty,
and Tp, as can be determined from table III. Thus, under constant conditions of
Mg, Ty, and Tg, these parameters are constant and the theories predict an affine

transformation of the incompressible skin-friction curve to the compressible skin-
friction curve.

The constant parameters of the transformation are not known beforehand and

must be found from the experimental data. This is accomplished in the following
manner. The data are plotted in the form of 1log Cr against log Rg, along with

the incompressible Karmdn-Schoenherr curve, as shown in the following sketch:

O Experimental Cg

O Transformed experimental Cg¢

“///——-Kérmén-Schoenherr Cr,i

log Ce

log J

AN
— log L -*‘ A

log Rg

fe———

The constants J and L can then be found by matching the slope of the
experimental curve of log C¢ against log Rg with that of the incompressible

curve. The values of Ry for the measured values of Cg can then be found from

- L .
Rx - J'(Rx’ 1) Cf)i=Transformed Cf

which is obtained by substitution of equations (A2) into equation (Al). Thus the
value of Ry for the measured value of Cy 1is simply the incompressible Reynolds

19



number, corresponding to the incompressible local skin-friction coefficient,
multiplied by L/J.

This method of finding Ry is relatively insensitive to errors in finding
the transformation constants J and L. For example, a 50-percent change in
the value of L for reference 19 was found to change the value of Ry from

19.3 x 106 to 19.5 X 106 at M = 1.735, or only 1 percent. Also, the values of
Rx obtained by this method are seen in table I to compare favorably with those
obtained by the three other methods used for reference 19.

The Ry found by this method will possess an internal consistency which is
necessary for any method of determining Ry from Cy and Rg. For consistency,

it is required that
R9:2 2
Rx,2 - Bx,1 = —— dRg

where the subscripts 1 and 2 refer to longitudinal stations along the flat plate.
This equation is automatically satisfied by this method of finding Ry, since

R Rg .1
9,2 2 9:1)2 2 L
f = dRg = f L dRg,; = F(Rx,1,2 = By,1,1) = Rx,2 - Bx,1
R f Ra = JCe 4
8,1 0,i,1 f,1

where the third step is obtained from the internal consistency of the incompressi-
ble relations. Thus it is believed that this method will give accurate estimates
of Ry for experiments in which only Cs and Rg are given.

20



APPENDIX B

CALCULATION OF TURBULENT Cp, Cp, AND Cp/Cp BY THE

SOMMER AND SHORT T' METHOD

Figures 2 and 21 to 24 were prepared to help simplify the procedure for
finding the average turbulent skin-friction coefficient Cp, the local turbulent

skin-friction coefficient Cp, and their ratio Cf/CF by the Sommer and Short
T' method. With a given Mach number Mg, wall temperature ratio Tw/TB: and
Reynolds number Rx,&) the following procedure should be used:

1. Determine TY Ty from figure 21
2. Determine RX,Tc/RX,g from figure 22

3. Calculate RX,T' from

4, Determine either Ce mi oOr Cp mi from figure 23 or 24
£, F,T

5. Calculate Cg or Cp from the equation

Ce o
Cp = f£,T
'/ Ty
or
Cr,
CF =
T'[ Ty,

The ratio Cf/CF is useful in calculation of the virtual origin by the

method proposed by Rubesin, Maydew, and Varga (ref. 2). 1In this method the slope
of log Ry against log Ry must be found. This slope is equal to Cf/CF since

o B
Cp ~ dR, d log Ry
G ) Ry  d log Ry
RX

21



The ratio Cf/CF can be determined from figure 2 after RX,T' is determined
from step % above. It should also be noted that Cf/CF can easily be found by
any other theory by determining the transformed Reynolds number Rx* for that
theory as shown in table III.
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APPENDIX C

DETERMINATION OF EFFECTIVE REYNOLDS NUMBER FOR THE

SOMMER AND SHORT DATA

Sommer and Short (ref. 3) tested hollow cylindrical models which were fired
down a ballistic range at Mach numbers of 2.8 and 3.8, and also against the air-
stream in a supersonic tunnel in order to obtain Mach numbers as high as T.0.

The drag was measured on two models which were identical except for a difference
in length. The drag of the shorter model ("tare" model) was then subtracted from
the drag of the larger one ("test" model). The difference between the drags of
the two models then represented the skin friction over the rear portion of the
test model. The skin friction measured in this way is neither an average skin
friction, since it is not measured from the begimning of the boundary layer, nor
a local skin friction, since it was not measured at a local station. For use in
this report, it was decided to treat the measured skin friction as a local skin
friction since the effective Reynolds number at the end of the tare model was a
large percentage of the effective Reynolds number at the end of the test model
(20 percent to 40 percent). The problem, then, was to determine what intermediate
Reynolds number, between the beginning and the end of the surface on which the
skin friction was measured, should be considered as the effective Reynolds number
Rx,eff. It is apparent that Rx,efr should be chosen so that the local skin-

friction coefficient (Cf)R £r at that point is the same as the measured skin-
X, e

friction coefficient over the entire measuring surface Ce pee Then
2

Ce pe = (Cf)Rx,eff

where

b distance of the beginning of the test surface from the virtual origin
of the turbulent boundary layer

c distance of the end of the test surface from the virtual origin of
the turbulent boundary layer

Cf,bc measured skin-friction coefficient on the test surface from b to ¢

(Cf)Rx,eff local skin-friction coefficient at Ry erf

Rx,eff effective Reynolds number for the measured skin-friction coefficient

when considered as a local skin-friction coefficient

25



In order to determine Ry eff it is necessary to assume some relationship

for the local skin-friction coefflicient. The power law is a good representation
of Cg for small ranges of Ry:

Cf = ARXB

Then, since

Re
Ce,be = R'C_E_Tb be Cr dRy = (Cf)Rx’eff = A(Rx,eff)B

solving for the effective Reynolds number gives

1/B
B+l B+l

R _ Re - By
x,eff = (B + l)(RC ~ Rb)

The average value of B for all the theories was used in calculation of
Rx,eff- The value of B for any of the theories was always within 0.5 percent

of the average for all the theories. The value of Rx,eff as determined in this

way was then entered in column 16 of table II and used for the effective Reynolds
number of Sommer and Short's experimental data.
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TABLE ITT

SUMMARY OF THEORIES

Theory CF* Rx*
Van Driest Cp,w Ry w¢2
(Prandtl mixing length) s — 7 7z
¢ (TW/TS)
Wilson and Van Driest CrF,w g2
(Von KArmAn mixing length) 52 By,
Ry ,w
2
Cope and Monaghan CF,w
TW/TB
1/2 1/4
(T /T T, /T
Winkler and Cha Cp ___EZ_EE___ (Tw/Taw)
1/k 1/2
(Ty/Taw) (T4,/Ts)
Sommer and Short T', c .
Monaghan T', and Eckert T' T Re,mt
D/s /s
CF,W -1 g P CF,T' = l——'—-é
3 Puls z°Us
pUsx p'Ugx
Rx,w = I, RX’TI o
A-3 2
¢ = Llsin-1 2A + sin-1 2A
A
B\ B\*
1+ (== 1+ [—
(&) (z0)
Ty Ty Ty
Sommer and Short:
Tt o Ty
=— =1 + 0.035M° + 0.45(—= - 1
Ty Ts
Monaghan:
[ T
I -1 +0.00882 + 054X - 1
Ty Ty
Eckert:

T' = 1 + 0.0392M2 + o.5<§“1 - 1>
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Figure 1.- Boundary-layer growth and shear distribution on a flat plate.
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Figure 21.- Reference-temperature ratio by the Sommer and Short T' method.
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